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CLASS PRESERVING AUTOMORPHISMS OF FINITE
p-GROUPS
MANOJ K. YADAV
Abstract. We classify all finite p-groups G for which |Autc(G)| attains its
maximum value, where Autc(G) denotes the group of all class preserving au-
tomorphisms of G.
1. Introduction
Let G be a finite p-group and |G| = pn, where p is a prime and n is a non-
negative integer. For x ∈ G, xG denotes the conjugacy class of x in G. By Aut(G)
we denote the group of all automorphisms of G. An automorphism α of G is
called class preserving if α(x) ∈ xG for all x ∈ G. The set of all class preserving
automorphisms of G, denoted by Autc(G), is a normal subgroup of Aut(G).
In 1911, W. Burnside [2] posed the following question: Does there exist any finite
group G such that G has a non-inner class preserving automorphism? In 1913,
Burnside [3] himself gave an affirmative answer to this question. He constructed a
group G of order p6 isomorphic to the group W consisting of all 3× 3 matrices
M =

1 0 0x 1 0
z y 1


with x, y, z in the field Fp2 of p
2 elements, where p is an odd prime. For this group
G, Inn(G) < Autc(G), where Inn(G) denotes the group of all inner automorphisms
of G. He also proved that Autc(G) is an elementary abelian p-group of order p
8.
Throughout the paper this group G is represented by the group W .
For the statement of our main theorem we need the following theorem, which is
also of independent interest as it provides a very neat bound for |Autc(G)|:
Theorem A. Let G be a non-trivial p-group having order pn. Then
(1.1) |Autc(G)| ≤

p
(n2−4)
4 , if n is even;
p
(n2−1)
4 , if n is odd.
We prove Theorem A in Section 5 as Theorem 5.8.
One can easily notice that equality holds in (1.1) for the group W . Motivated
from this we have the following natural problem:
Problem. Classify all finite p-group G such that equality holds in (1.1).
In this paper, which may be viewed as a continuation of [3], we solve this prob-
lem. For the statement of our main theorem we also need the definition of Camina
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p-groups. These are the finite p-groups G such that each non-trivial coset xγ2(G)
of the derived group γ2(G) is a single conjugacy class x
G in G. For the detailed
definition of Camina groups one can see Section 3 below. Now we state our main
theorem, which we prove in Section 5 as Theorem 5.24.
Theorem B. Let G be a non-abelian finite p-group of order pn. Then equality
holds in (1.1) if and only if one of the following holds:
G is an extra-special p-group of order p3;(1.2a)
G is a group of nilpotency class 3 and order p4;(1.2b)
G is a Camina special p-group isoclinic to the group W and |G| = p6;(1.2c)
G is isoclinic to R and |G| = p6,(1.2d)
where R is defined in (5.11).
Acknowledgements. I thank Prof. Everett C. Dade for his valuable comments,
suggestions and corrections and Prof. I. B. S. Passi for advising me to work on
‘bound for |Autc(G)|’.
2. Notation
Our notation for objects associated with a finite multiplicative group G is mostly
standard. We use 1 to denote both the identity element of G and the trivial
subgroup {1} of G. By Aut(G), Autc(G) and Inn(G), we denote the group of
all automorphisms, the group of conjugacy class preserving automorphisms and
the group of inner automorphisms of G respectively. The abelian group of all
homomorphisms from an abelian group H to an abelian group K is denoted by
Hom(H,K).
We write 〈x〉 for the cyclic subgroup of G generated by a given element x ∈ G.
To say that some H is a subset or a subgroup of G we write H ⊆ G or H ≤ G
respectively. To indicate, in addition, that H is properly contained in G, we write
H ⊂ G, H < G respectively. If x, y ∈ G, then xy denotes the conjugate element
y−1xy ∈ G and [x, y] = [x, y]G denotes the commutator x
−1y−1xy = x−1xy ∈ G.
If x ∈ G, then xG denotes the G-conjugacy class of all xw, for w ∈ G, and [x,G]
denotes the set of all [x,w], for w ∈ G. Since xw = x[x,w], for all w ∈ G, we have
xG = x[x,G]. For x ∈ G, CH(x) denotes the centralizer of x in H , where H ≤ G.
The center of G will be denoted by Z(G).
By long-standing convention the expression [K,H ], for subgroups K,H ≤ G,
denotes, not the set of all commutators [x, y], for x ∈ K and y ∈ H , but rather the
subgroup 〈 [x, y] | x ∈ K, y ∈ H 〉 of G generated by those commutators. This does
not conflict with the previous notation when K is the element or subgroup 1 of G,
since both the subset [1, H ] and the subgroup [1, H ] are equal to {1}.
We write the subgroups in the lower central series of G as γn(G), where n runs
over all strictly positive integers. They are defined inductively by
γ1(G) = G and(2.1a)
γn+1(G) = [γn(G), G](2.1b)
for any integer n ≥ 1. Note that γ2(G) is the derived group [G,G] of G. Let
x1, x2, · · · , xk be k elements of G, where k ≥ 2. The commutator of x1 and x2 has
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been defined to be [x1, x2] = x
−1
1 x
−1
2 x1x2. Now we define a higher commutator of
x1, x2, · · · , xk inductively as
[x1, x2, · · · , xk] = [[x1, · · · , xk−1], xk].
We have already defined a commutator subgroup [H1, H2] of any two subgroups
H1 and H2 of G. A higher commutator subgroup of any k subgroups H1, · · · , Hk
of G is defined inductively by the formula
[H1, H2, · · · , Hk] = [[H1, · · · , Hk−1], Hk],
where k ≥ 2. We will be using the commutator identities
[x, yz] = [x, z][x, y]z = [x, z][x, y][x, y, z]
and
[xy, z] = [x, z]y[y, z] = [x, z][x, z, y][y, z]
many times without any reference.
3. Camina groups of class 3
Let G be a finite group and 1 6= N be a normal subgroup of G. (G,N) is called
a Camina pair if xN ⊆ xG for all x ∈ G − N . G is called a Camina group if
(G, γ2(G)) is a Camina pair. The study of such groups was started in [4].
The following lemma is easy to prove:
Lemma 3.1. If (G,N) is a Camina pair and M is a normal subgroup of G con-
tained in N then (G/M,N/M) is a Camina pair.
The next theorem follows from [9] and [10].
Theorem 3.2. Let G be a finite Camina p-group of class 3 such that [G : γ2(G)] =
pt, [γ2(G) : γ3(G)] = p
s and |γ3(G)| = p
r. Then
(G, γ3(G)) is Camina pair, γ3(G) = Z(G), t = 2s, and s is even.(3.3a)
s ≥ r.(3.3b)
γi(G)/γi+1(G) has exponent p, for i = 1, 2.(3.3c)
Lemma 3.4. Let G be a group and H a subgroup of G such that γ2(G) = γ2(H).
Then γi(G) = γi(H) for all i ≥ 2.
Proof. Since [G,G] = [H,H ] ≤ H ≤ G, H is a normal subgroup of G. It follows
that the subgroups γi+1(H) = [γi(H), H ] are normal in G for all i ≥ 1. We use
induction on i to prove the lemma. Since γ2(G) = γ2(H), assume by induction
that γi(G) = γi(H), where i ≥ 2. We have
[G, γi−1(H), H ] ≤ [γi(G), H ] = [γi(H), H ] = γi+1(H).
Since [H,G] ≤ [G,G] = [H,H ] and [γi(H), γj(G)] ≤ γi+j(G) [7, Hauptsatz III.2.11],
we get
[H,G, γi−1(H)] ≤ [H,H, γi−1(H)] = [γ2(H), γi−1(H)] ≤ γi+1(H).
Thus by three subgroup lemma
γi+1(G) = [γi(G), G] = [γi(H), G] = [γi−1(H), H,G] ≤ γi+1(H).
Since γi+1(H) ≤ γi+1(G), it follows that γi+1(G) = γi+1(H). This completes the
inductive proof of the lemma. 
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Lemma 3.5. Let G be a Camina p-group of class 2, with a minimal generating set
{x1, x2, . . . , xt}, where t > 2. Then H = 〈x1, x2, . . . , xt−1〉 satisfies γ2(G) = γ2(H).
In particular, H is a maximal subgroup of G.
Proof. Since G is a Camina p-group of class 2, it follows that G/γ2(G) is an ele-
mentary abelian p-group with order pt, and that γ2(G) = Z(G) is an elementary
abelian p-group with order ps, for some integer s > 0.
First suppose that s = 1. Then G is extra-special. So t is even. If γ2(H) 6=
γ2(G), then γ2(H) = 1, since |γ2(G)| = p and γ2(H) ≤ γ2(G). In that case H Z(G)
is an abelian subgroup of the extra-special group G, and so has order ≤ p1+t/2.
Since |H Z(G)| = pt, we get t ≤ 1 + t/2. This implies that t ≤ 2, which is a
contradiction to our assumption. Thus the lemma holds when s = 1.
Now suppose that s > 1. If γ2(H) 6= γ2(G), then γ2(H) is contained in some
maximal subgroup N of γ2(G) = Z(G). Then G¯ = G/N is an extra-special group
with the images x¯1, x¯2, . . . , x¯t of the xi as a minimal generating set. The subgroup
〈x¯1, . . . , x¯t−1〉 is the image H¯ of H in G¯. So γ2(H¯) is the image 1 of γ2(H). But
γ2(H¯) = Z(G¯) 6= 1, since the lemma holds for G¯. This contradiction shows that
the lemma holds for all values of s. 
Proposition 3.6. Let {x1, x2, . . . , xt} be a minimal generating set for a Camina
p-group G of class 3. Then H = 〈x1, x2, . . . , xt−1〉 satisfies γ2(H) = γ2(G). In
particular, H is a maximal subgroup of G. Moreover, γ2(G) 6≤ Z(H).
Proof. Set |G/γ2(G)| = p
t, |γ2(G)/γ3(G)| = p
s and |γ3(G)| = p
r. Then it follows
from Theorem 3.2 that γ3(G) = Z(G), t = 2s, s is even, and s ≥ r > 0. So
t > 2. Now it follows from Lemma 3.1 that G/γ3(G) is a Camina group. Also
the class of G/γ3(G) is 2. It follows that G/γ3(G) = 〈x1γ3(G), . . . , xtγ3(G)〉
and Hγ3(G)/γ3(G) = 〈x1γ3(G), . . . , xt−1γ3(G)〉. Thus Lemma 3.5 gives that
γ2(G/γ3(G)) = γ2(Hγ3(G)/γ3(G)). This implies that
γ2(G)/γ3(G) = γ2(H)γ3(G)/γ3(G),
since γ3(G) ≤ γ2(G). Thus we have
(3.7) γ2(H)γ3(G) = γ2(G).
First suppose that r = 1, and that γ2(H) < γ2(G). Since γ3(G) has order p,
it follows from this and (3.7) that γ2(G) is the direct product of its elementary
abelian subgroups γ2(H) ∼= γ2(G)/γ3(G) and Z(G) = γ3(G), both of which are
centralized by H . So H centralizes γ2(G). It then follows from Theorem 1.3(iv) of
[11] that [G : CG(γ2(G))] = p
s. Since γ2(G) is abelian, Hγ2(G) ≤ CG(γ2(G)). But
[G : Hγ2(G)] = p, therefore p
s = [G : CG(γ2(G))] ≤ p. As s is even and > 0, this
is impossible. Therefore the proposition holds when r = 1.
Now assume that r > 1, and that γ2(H) < γ2(G). In view of (3.7) this implies
that γ2(H) ∩ γ3(G) < γ3(G). So there is some maximal subgroup N of γ3(G) =
Z(G) containing γ2(H)∩ γ3(G). Since N < γ3(G), it follows from this and Lemma
3.1 that the factor group G¯ = G/N is a Camina p-group of class 3. Since γ2(G¯) =
γ2(G)/N and γ3(G¯) = γ3(G)/N , the images x¯1, . . . , x¯t of the xi form a minimal
generating set for G¯, and 〈x¯1, . . . , x¯t−1〉 is the image H¯ = HN/N of H in G¯. Notice
that G¯ has the same values of t and s as before, but the new value 1 for r. Since
the proposition holds when r = 1, the image γ2(H¯) = γ2(H)N/N of γ2(H) is equal
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to γ2(G¯) = γ2(G)/N . Hence γ2(H)N = γ2(G). So γ3(G) = γ2(H)N ∩ γ3(G) =
(γ2(H) ∩ γ3(G))N = N < γ3(G), which is impossible. This contradiction proves
that γ2(H) = γ2(G).
Now it follows from Lemma 3.4 that γ3(H) = γ3(G) 6= 1. So if γ2(G) ≤ Z(H),
then γ2(H) ≤ Z(H) and therefore γ3(G) = γ3(H) = 1. This contradiction proves
the proposition. 
Lemma 3.8. Let G be a Camina p-group of class 3 such that |γ3(G)| ≥ p
2. Let H
be any maximal subgroup of G. Then Z(H) = Z(G).
Proof. Let H be a maximal subgroup of G and x ∈ G such that G/H = 〈xH〉.
Since Z(G) = γ3(G) ≤ γ2(G) = Φ(G) ≤ H , it follows that Z(G) ≤ Z(H). Suppose
that Z(G) < Z(H). Then there is some non trivial element z ∈ Z(H) − Z(G). If
z ∈ γ2(G)−γ3(G), then [z, G] = γ3(G) and if z ∈ G−γ2(G), then [z, G] = γ2(G).
In both of the cases it follows that
p2 ≤ |γ3(G)| = |Z(G)| ≤ |[z, G]| = |[z, 〈H,x〉]| = |[z, 〈x〉]| = p,
since xp ∈ H and z ∈ Z(H). This contradiction proves that Z(G) = Z(H). 
4. Almost Camina p-groups
A finite p-group G is called an almost Camina p-group if γ2(G) = Φ(G) and the
following condition (C) holds for every minimal generating set of G:
(C) If {x1, x2, . . . , xd} be a minimal generating set for G, then [xi, G] = γ2(G)
for all but at most one i = 1, 2, . . . , d.
Notice that every Camina p-group is almost Camina. But converse is not true.
For example we take a group G of order p4 and nilpotency class 3. It is easy to
check that G is an almost Camina p-group but it is not a Camina group.
Lemma 4.1. Let G be an almost Camina p-group. Let {x = x1, x2, . . . , xd} be a
minimal generating set for G such that [x,G] ⊂ γ2(G). Then
[y,G] = γ2(G) for all y ∈ G− 〈x〉 γ2(G).(4.2a)
[y,G] = γ2(G) for all y ∈ H − γ2(G), where H = 〈x2, . . . , xd〉 γ2(G).(4.2b)
Proof. Let V = G/Φ(G). Then V is a vector space of dimension d over Fp and
{v1, . . . , vd} is a basis for V , where vi = xiΦ(G), 1 ≤ i ≤ d. Let W be the subspace
of V spanned by v1. Now suppose that there is an element y in G − 〈x〉 γ2(G)
such that [y,G] ⊂ γ2(G). Since y ∈ G − 〈x〉 γ2(G), w = yΦ(G) ∈ V −W . Thus
the set {v1, w} is linearly independent. Therefore we can extend this set to a basis
{v1, w = w2, . . . , wd} of V . Hence both x and y can be included in some minimal
generating set of G. This contradicts the fact that G is an almost Camina group,
since both [x,G] as well as [y,G] are proper subsets of γ2(G). This proves (4.2a).
Now consider H as in (4.2b). Let y ∈ H − γ2(G). We claim that y ∈ G −
〈x〉 γ2(G). Suppose that y ∈ 〈x〉 γ2(G). Then y = x
iu for some u ∈ γ2(G) and
some integer i such that 1 ≤ i ≤ p − 1, since y 6∈ γ2(G). This implies that
xi = yu−1 ∈ H , since u ∈ γ2(G) ≤ H and y ∈ H . Hence x ∈ H and therefore
H = G, a contradiction. Thus our claim holds. Now (4.2b) follows from (4.2a). 
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Proposition 4.3. Let G be an almost Camina p-group such that |G| = p2m and
|γ2(G)| = p
m, where m ≥ 3. Then there exists a maximal subgroup H of G such
that γ2(G) = γ2(H). Moreover, if the nilpotency class of G is at least 3, then
γ2(G) 6≤ Z(H) for any such maximal subgroup H.
Proof. If G is a Camina p-group, then the proposition holds from Lemma 3.5 and
Proposition 3.6. So we assume that G is not a Camina group. We complete the
proof of this proposition in three steps.
Step 1. Let x′ ∈ G − γ2(G) such that CG(x
′)γ2(G) 6= 〈x
′〉 γ2(G). Then γ2(G) =
γ2(H) for some maximal subgroup H of G.
Proof. Since CG(x
′)γ2(G) 6= 〈x
′〉 γ2(G), there exists an element y
′ ∈ G−〈x′〉 γ2(G)
such that x′y′ = y′x′. ThenM = 〈x′, y′〉 is an abelian subgroup of G and the order
of Mγ2(G)/γ2(G) is p
2. Choose x ∈M − γ2(G) such that |[x,G]| is minimum, i.e.,
|[x,G]| ≤ |[z,G]| for all z ∈ M − γ2(G). Let {x = x1, x2, . . . , xm} be a minimal
generating set for G. Let H = 〈x2, . . . , xm〉 γ2(G). Since x
p ∈ γ2(G), the order of
〈x〉 γ2(G)/γ2(G) is p. Thus 〈x〉 γ2(G) < Mγ2(G). Let y ∈ M − 〈x〉 γ2(G). Then
xy = yx. Now either [x,G] = γ2(G) or [x,G] ⊂ γ2(G). If [x,G] = γ2(G), then by
the minimality of |[x,G]| it follows that [y,G] = γ2(G). And, if [x,G] ⊂ γ2(G),
then it follows from Lemma 4.1 that [y,G] = γ2(G). Thus in both of the two cases
we have [y,G] = γ2(G). Let u be an arbitrary element of γ2(G). Then u = [y, g]
for some g ∈ G. Now g can be written as g = hxi for some h ∈ H and some integer
i. Therefore
u = [y, g] = [y, hxi] = [y, xi][y, h]x
i
= [y, h]x
i
∈ γ2(H),
as y ∈ H and γ2(H) is a normal subgroup of G. This implies that γ2(G) ≤ γ2(H).
Since the other way inclusion is obvious, we have γ2(G) = γ2(H).
Step 2. Let x ∈ G − γ2(G) such that |[x,G]| ≤ p
m−2. Then γ2(G) = γ2(H) for
some maximal subgroup H of G.
Proof. Since |[x,G]| ≤ pm−2, therefore |CG(x)| ≥ p
m+2. But | 〈x〉 γ2(G)| = p
m+1.
Therefore CG(x)γ2(G) 6= 〈x〉 γ2(G). Now Step 2 follows from Step 1.
Step 3. Let CG(u)γ2(G) = 〈u〉γ2(G) for all u ∈ G − γ2(G). Then it follows
from Step 2 that |[u,G]| ≥ pm−1 for all u ∈ G − γ2(G). Let x ∈ G − γ2(G) such
that |[x,G]| = |γ2(G)|/p = p
m/p = pm−1. Let {x = x1, x2, . . . , xm} be a minimal
generating set for G. Then H = 〈x2, . . . , xm〉 γ2(G) is a maximal subgroup of G
such that γ2(G) = γ2(H).
Proof. Set N = 〈x〉 γ2(G). Notice that |N | = p
m+1. Then it follows from Lemma
4.1 that for any y ∈ G −N , [y,G] = γ2(G). Since CG(u)γ2(G) = 〈u〉 γ2(G) for all
u ∈ G−γ2(G), we have CG(u) ≤ 〈u〉γ2(G). In particular, CG(x) ≤ 〈x〉 γ2(G) = N .
Since |xG| = |[x,G]| = pm−1, therefore |CG(x)| = |G|/|x
G| = pm+1. Thus CG(x) =
N , since |N | = pm+1. This implies that γ2(G) ≤ CG(x). Now both [x,G] as well
as γ2(H) are subsets of γ2(G) containing 1, therefore, either [x,G] ∩ γ2(H) 6= 1 or
[x,G] ∩ γ2(H) = 1.
First assume that [x,G] ∩ γ2(H) 6= 1. Let 1 6= [x, g] ∈ [x,G] ∩ γ2(H). Then
[x, g] = [x, hxk] for some h ∈ H − γ2(G) and some integer k such that 1 ≤ k ≤ p.
Therefore
[x, g] = [x, hxk] = [x, xk][x, h]x
k
= [x, h],
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since γ2(G) ≤ CG(x). Since h ∈ H − γ2(G), it again follows from Lemma 4.1 that
[h,G] = γ2(G). Let [h, g
′] be an arbitrary element of γ2(G). Then [h, g
′] = [h, h′xi]
for some h′ ∈ H and some integer i such that 1 ≤ i ≤ p. Thus we have that
[h, g′] = [h, h′xi] = [h, xi][h, h′]x
i
= [h, x]i[h, h′] ∈ γ2(H),
since γ2(G) ≤ CG(x) and [h, x] ∈ γ2(H). This implies that γ2(G) ≤ γ2(H). Since
γ2(H) ≤ γ2(G), we have γ2(H) = γ2(G).
Now assume that [x,G] ∩ γ2(H) = 1. This implies that γ2(H) < γ2(G). Let
h ∈ H−γ2(G). Then CG(h) ≤ 〈h〉 γ2(G) ≤ H . Thus CH(h) = CG(h)∩H = CG(h).
Therefore
|[h,H ]| = |hH | = |H |/|CH(h)| = |H |/|CG(h)| = p
2m−1/pm = pm−1,
since
|CG(h)| = |G|/|h
G| = |G|/|[h,G]| = |G|/|γ2(G)| = p
2m/pm = pm.
This proves that [h,H ] = γ2(H), since [h,H ] ≤ γ2(H) and γ2(H) < γ2(G). Thus
|γ2(H)| = p
m−1.
Now consider the factor group G¯ = G/γ2(H). Since γ2(G) 6≤ γ2(H), G¯ is a
non-abelian group of order pm+1. We have γ2(G¯) = γ2(G), since γ2(H) ≤ γ2(G).
Now |γ2(G¯)| = |γ2(G)|/|γ2(H)| = p. Thus γ2(G¯) ≤ Z(G¯). Therefore the nilpotency
class of G¯ is 2. Now [g¯, G¯] = γ2(G¯) for all g¯ ∈ G¯ − γ2(G¯). For, if there is some
element g¯ ∈ G¯−γ2(G¯) such that [g¯, G¯] < γ2(G¯), then |[g¯, G¯]| < p. Thus |[g¯, G¯]| = 1
and [g,G]γ2(H) = γ2(H). This implies that [g,G] ⊆ γ2(H). If g ∈ G − N , then
γ2(G) = [g,G] ≤ γ2(H), which is a contradiction to the fact that γ2(H) < γ2(G).
So let g ∈ N − γ2(G). Then g = vx
i for some v ∈ γ2(G) and some integer i such
that 1 ≤ i ≤ p − 1. Since [g,G] ⊆ γ2(H), therefore [g,H ] ⊆ γ2(H). Let h be any
element of H − γ2(G). Then [g, h] ∈ γ2(H) and
[g, h] = [vxi, h] = [v, h]x
i
[xi, h] = [v, h][x, h]i ∈ γ2(H).
Now v ∈ γ2(G) ≤ H , therefore [v, h] ∈ γ2(H). This implies that [x, h]
i ∈ γ2(H)
and therefore [x, h] ∈ γ2(H). Then [x, h] is either 1 or not. If [x, h] = 1, then
h ∈ H − γ2(G) centralizes x, so that CG(x)γ2(G) 6= 〈x〉 γ2(G), contrary to the
hypotheses of this step. If [x, h] 6= 1, then 1 6= [x, h] ∈ [x,G] ∩ γ2(H) contradicts
the assumption that [x,G] ∩ γ2(H) = 1. Thus G¯ is a Camina group of class 2.
It then follows from Corollary 2.4 of [9] that G¯ is special, therefore G¯ is extra
special. Thus m must be even. Now H¯ is an abelian normal subgroup of G¯. Thus
|H¯ | ≤ p1+
m
2 . But |H¯ | = pm, therefore pm ≤ p1+
m
2 . This implies that m ≤ 1 + m2 .
Thus m ≤ 2, which is a contradiction to our assumption that m ≥ 3. Hence the
latter case can not occur. This completes the proof of Step 3.
Thus the existence of a maximal subgroup H of G such that γ2(G) = γ2(H)
follows from Step 1 – Step 3. Let H be any maximal subgroup of G such that
γ2(G) = γ2(H). Now it follows from Lemma 3.4 that the nilpotency class of H is
equal to the nilpotency class of G. If γ2(G) ≤ Z(H), then γ2(H) = γ2(G) ≤ Z(H).
Hence the class of H is 2 and therefore the class of G is also 2. Thus it follows
that γ2(G) 6≤ Z(H) whenever the nilpotency class of G is ≥ 3. This completes the
proof of the proposition. 
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5. Proof of the main theorem
LetG be a finite p-group of order pn. Let {x1, · · · , xd} be any minimal generating
set for G. Let α ∈ Autc(G). Since α(xi) ∈ x
G
i for 1 ≤ i ≤ d, there are at the most
|xGi | choices for the image of xi under α. Thus it follows that
(5.1) |Autc(G)| ≤
d∏
i=1
|xGi |.
Let |γ2(G)| = p
m. Let Φ(G) denotes the Frattini subgroup of G. Since γ2(G) is
contained in Φ(G), by the Burnside basis theorem we have d ≤ n−m. Notice that
|xGi | ≤ |γ2(G)| = p
m for all i = 1, 2, · · · , d. So from (5.1) we get
(5.2) |Autc(G)| ≤ p
md ≤ (pm)n−m = pm(n−m).
Theorem 5.3. Let G be a finite p-group. If equality holds in (5.2), then G is
either an abelian p-group, or a non-abelian Camina special p-group.
Proof. Let G be a finite p-group such that equality holds in (5.2). If G is abelian,
then we are done. So assume that G is non-abelian. Equality in (5.2) implies that
d = n−m and that
(5.4) |Autc(G)| = p
md = pm(n−m).
Since G/γ2(G) is the direct product of d non-trivial cyclic p-groups, yet has order
pn−m = pd, it must be elementary abelian. It then follows that any arbitrary
element x ∈ G−γ2(G) is a part of a minimal generating set {x = x1, x2, . . . , xn−m}
for G. Now x[x,G] = xG implies |[x,G]| = |xG|. If [x,G] ⊂ [G,G], then |xG| =
|[x,G]| < |[G,G]| = pm and (5.1) gives |Autc(G)| < p
m(n−m), which contradicts
(5.4). Thus it follows that [x,G] = [G,G] for all x ∈ G − [G,G]. This proves that
G is a Camina group. That the nilpotency class of G is ≤ 3 follows from Main
Theorem of [5].
It follows from (5.4) that given any minimal set of generators {x1, x2, . . . , xn−m}
for G, and any elements y1, y2, . . . , yn−m ∈ γ2(G) (need not be distinct), there is
some automorphism α ∈ Autc(G) such that α(xi) = xiyi for i = 1, 2, . . . , n −m.
In particular, we can choose α such that
α(xi) = xi, 1 ≤ i ≤ n−m− 1 and α(xn−m) = xn−my,
where y is an arbitrary element of γ2(G).
Let G have class 3. LetG = 〈x1, x2, . . . , xn−m〉. Then it follows from Proposition
3.6 that H = 〈x1, . . . , xn−m−1〉 is a maximal subgroup of G such that γ2(H) =
γ2(G) and γ2(G) 6≤ Z(H). We fix an element y ∈ γ2(G) − Z(H). Now we can
choose an automorphism α ∈ Autc(G) such that α(xi) = xi for 1 ≤ i ≤ n−m− 1
and α(xn−m) = xn−my. Then α centralizes H , as well as G/H = 〈xn−mH〉. But
any automorphism of G centralizing both G/H and H must send the generator
xn−m of G modulo H to xn−mz, for some element z ∈ Z(H) [7, Satz I.17.1]. Since
α(xn−m) = xn−my and y /∈ Z(H), this is impossible. Thus the nilpotency class of
G can not be 3. Since G is non-abelian, this proves that the nilpotency class of G
is 2. That G is special follows from Corollary 2.4 of [9]. 
Let G be a finite p-group of class 2. Let φ ∈ Autc(G). Then the map g 7→
g−1φ(g) is a homomorphism of G into γ2(G). This homomorphism sends Z(G)
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to 1. So it induces a homomorphism fφ : G/Z(G) → γ2(G), sending gZ(G) to
g−1φ(g), for any g ∈ G. It is easily seen that the map φ 7→ fφ is a monomorphism
of the group Autc(G) into Hom(G/Z(G), γ2(G)).
Any φ ∈ Autc(G) sends any g ∈ G to some φ(g) ∈ g
G. Then fφ(gZ(G)) =
g−1φ(g) lies in g−1gG = [g,G]. Denote
{ f ∈ Hom(G/Z(G), γ2(G)) | f(gZ(G)) ∈ [g,G], for all g ∈ G }
by Homc(G/Z(G), γ2(G)). Then fφ ∈ Homc(G/Z(G), γ2(G)) for all φ ∈ Autc(G).
On the other hand, if f ∈ Homc(G/Z(G), γ2(G)), then the map sending any g ∈ G
to gf(gZ(G)) is an automorphism φ ∈ Autc(G) such that fφ = f . Thus we have
Proposition 5.5. Let G be a finite p-group of class 2. Then the above map φ 7→ fφ
is an isomorphism of the group Autc(G) onto Homc(G/Z(G), γ2(G)).
The next lemma follows from [12, page 335].
Lemma 5.6. Let H and K be two elementary abelian groups of order pr and ps
respectively. Let H = ×ri=1Hi and K = ×
s
j=1Kj, where Hi and Kj are cyclic
groups of order p, 1 ≤ i ≤ r, 1 ≤ j ≤ s. Then
Hom(H,K) ∼= ×
r,s
i=1,j=1 Hom(Hi,Kj).
In particular, Hom(H,K) is an elementary abelian group of order prs.
Theorem 5.7. Let G be a finite p-group. Equality holds in (5.2) if and only if G
is either an abelian p-group, or a non-abelian Camina special p-group.
Proof. Let G be finite p-group such that |G| = pn and |γ2(G)| = p
m. Let G be
abelian. Then |γ2(G)| = 1 implies m = 0. We have |Autc(G)| = 1 = p
m(n−m).
Thus equality holds in (5.2). Now let G be a non-abelian Camina special p-group.
Then [x,G] = γ2(G) for all non-central elements x ∈ G and [x,G][y,G] = [xy,G]
for all x, y ∈ G − Z(G) such that xy 6∈ Z(G). Pick any f ∈ Hom(G/Z(G), γ2(G)).
Then
f(x) ∈ γ2(G) = [x,G] = x
−1xG,
where x = xZ(G). Thus f ∈ Homc(G/Z(G), γ2(G)) and therefore
Hom(G/Z(G), γ2(G)) ≤ Homc(G/Z(G), γ2(G)).
Since Homc(G/Z(G), γ2(G)) ≤ Hom(G/Z(G), γ2(G)), we have
Homc(G/Z(G), γ2(G)) = Hom(G/Z(G), γ2(G)).
Since G is a special p-group, it follows that Z(G) and G/γ2(G) are elementary
abelian groups of order pm and pn−m respectively. Thus from Proposition 5.5 and
Lemma 5.6, we get
|Autc(G)| = |Hom(G/Z(G), γ2(G))| = p
m(n−m).
The converse follows from Theorem 5.3. 
Now we prove Theorem A.
Theorem 5.8. Let G be a non-trivial p-group having order pn. Then
|Autc(G)| ≤

p
(n2−4)
4 , if n is even;
p
(n2−1)
4 , if n is odd.
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Proof. If G is abelian, then the theorem holds trivially. So let G be non-abelian
and |γ2(G)| = p
m. Notice that |xG| ≤ |γ2(G)| = p
m for all x ∈ G. Let |Φ(G)| = pt.
Since γ2(G) ⊆ Φ(G), m ≤ t. By the Basis Theorem of Burnside it follows that
from any generating set for G one can choose n− t elements such that these n− t
elements generate G. n − t is maximum if t = m. Since |γ2(G)| = p
m, we have
1 ≤ m ≤ n− 2. Thus all possible values of m(n−m) are
{n− 1, 2(n− 2), 3(n− 3), · · · , n2/4}
if n is even and
{n− 1, 2(n− 2), 3(n− 3), · · · , (n− 1)(n+ 1)/4}
if n is odd. Notice that the maximum value of m(n−m) is n2/4 when n is even,
and (n− 1)(n+ 1)/4 when n is odd. Putting these values in formula (5.2) we get
|Autc(G)| ≤
{
p
n2
4 , if n is even;
p
(n2−1)
4 , if n is odd.
Thus in the case when n is odd we are done.
Now assume that n is even. Let |Autc(G)| = p
n2/4. This is possible only when
m = n/2. So assume that m = n/2. Thus |Autc(G)| = p
m(n−m) and equality
holds in 5.2. Now by Theorem 5.3 it follows that G is a Camina special p-group.
It then follows from Theorem 3.2 of [9] that n−m is even and n−m ≥ 2m. This
implies that
(5.9) m ≤ n/3,
which contradicts our assumption that m = n/2. Thus there exists no finite p-
group G such that |Autc(G)| = p
n2/4. Therefore we have |Autc(G)| < p
n2/4.
Thus
|Autc(G)| ≤ p
n2
4 −1 = p
(n2−4)
4 .
This, along with the case when n is odd, proves the theorem. 
Lemma 5.10. Let G be a non-abelian group of order p2m such that |γ2(G)| = p
m
and equality holds in (1.1). Then G is an almost Camina group of nilpotency class
≥ 3, which is not a Camina group. Moreover, |[x,G]| ≥ pm−1 for all x ∈ G−γ2(G).
Proof. Since equality holds in (1.1), γ2(G) = Φ(G). For, if γ2(G) < Φ(G), then
it follows from (5.1) that |Autc(G)| ≤ p
m(m−1) < pm
2
−1 for all m ≥ 2. Since
G is non-abelian, m ≥ 2. This contradicts our hypothesis that equality holds in
(1.1). If the nilpotency class of G is 2, then γ2(G) ≤ Z(G). Thus for any element
x ∈ G − γ2(G), |CG(x)| ≥ p
m+1. Therefore |xG| ≤ pm−1 for all x ∈ G − γ2(G).
Then again it follows from (5.1) that |Autc(G)| ≤ p
m(m−1) < pm
2
−1. This again
gives a contradiction to our supposition. Thus nilpotency class of G is ≥ 3.
Now we claim that G is not a Camina group. Assume the contrary, i.e., G
is a Camina group of class 3. Let [G : γ2(G)] = p
t, [γ2(G) : γ3(G)] = p
s and
|γ3(G)| = p
r. Then it follows from Theorem 3.2 that γ3(G) = Z(G), t = 2s, s is
even, and s ≥ r. Then
p2m = |G| = pt+s+r.
Since t and s are even, it follows that r is even. Thus r ≥ 2. Let {x1, . . . , xm}
be a minimal generating set for G. Then it follows from Proposition 3.6 that
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H = 〈x1, . . . , xm−1〉 is a maximal subgroup of G such that γ2(G) = γ2(H). Then
G/H = 〈xmH〉. Let A be the subgroup of Autc(G) consisting of all α ∈ Autc(G)
which centralize both H and G/H . If α ∈ A, then it follows from [7, Satz I.17.1]
that α(xm) = xmz for some z ∈ Z(H). Since equality holds in (1.1), it follows
that the orbit of xm under the action of A must have length at least p
m−1. Thus
Z(H) ≥ pm−1. But from Lemma 3.8 we have that Z(G) = Z(H), since r ≥ 2. So if
|Z(H)| = pm−1, then
[γ2(G) : γ3(G)] = [γ2(G) : Z(G)] = [γ2(G) : Z(H)] = p.
This implies that s = 1, which is a contradiction to the fact that s is even. And if
|Z(H)| = pm, then γ2(G) = Z(G). Since the class of G is 3, it is impossible. Hence
our claim is true.
So we assume that G is not a Camina group. Then there must exist some
minimal generating set {x1, . . . , xm} for G such that [xi, G] ⊂ γ2(G) for at least
one i, 1 ≤ i ≤ m. Now assume that {x1, . . . , xm} is any such minimal generating
set for G. Then we claim that [xi, G] ⊂ γ2(G) for at most one i, 1 ≤ i ≤ m and for
this i, |[xi, G]| = p
m−1. First assume that there are more than one i, 1 ≤ i ≤ m
such that [xi, G] ⊂ γ2(G). So |[xi, G]| < p
m for more than one i. Then it follows
from the estimates in (5.1) that |Autc(G)| ≤ p
m(m−2)pm−1pm−1. From equality in
(1.1) we have that |Autc(G)| = p
m2−1. Thus
pm
2
−1 = |Autc(G)| ≤ p
m(m−2)+m−1+m−1.
This implies that m2− 1 ≤ m2 − 2m+m− 1+m− 1 or equivalently 1 ≥ 2, which
is absurd. Next assume that for some i, |[xi, G]| ≤ p
m−2. Then again from the
estimates in (5.1) we have that |Autc(G)| ≤ p
m(m−1)pm−2. Thus we have
pm
2
−1 = |Autc(G)| ≤ p
m(m−1)+m−2.
This implies that m2 − 1 ≤ m2 −m+m− 2 or equivalently 1 ≥ 2, which is again
absurd. Thus our claim holds. Now it follows from the definition of almost Camina
p-groups that G is an almost Camina group. 
Let X be a finite group and X¯ = X/Z(X). Then commutation in X gives a
well defined map aX : X¯ × X¯ 7→ γ2(X) such that aX(xZ(X), y Z(X)) = [x, y] for
(x, y) ∈ X × X . Two finite groups G and H are called isoclinic if there exists
an isomorphism φ of the factor group G¯ = G/Z(G) onto H¯ = H/Z(H), and an
isomorphism θ of the subgroup γ2(G) onto γ2(H) such that the following diagram
is commutative
G¯× G¯
aG−−−−→ γ2(G)
φ×φ
y yθ
H¯ × H¯
aH−−−−→ γ2(H).
The resulting pair (φ, θ) is called an isoclinism of G onto H . Notice that isoclinism
is an equivalence relation among finite groups.
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For the statement of the next proposition we need the following group of order
p6, which is the group φ21(1
6) in the isoclinism family (21) of [8]:
R = 〈α, α1, α2, β, β1, β2|[α1, α2] = β, [β, αi] = βi, [α, α1] = β2,(5.11)
[α, α2] = β
ν
1 , α
p = βp = βpi = 1, α
p
1 = β
(p3)
1 , α
p
2 = β
−(p3)
1 ,
i = 1, 2〉,
where ν is the smallest positive integer which is a non-quadratic residue mod p
and β1 and β2 are central elements. Notice that the subgroup γ2(R) = 〈β, β1, β2〉
is elementary abelian of order p3 and the subgroup γ3(R) = Z(R) = 〈β1, β2〉 is
elementary abelian of order p2. The quotient group R/γ2(R) is elementary abelian
of order p3 with {α¯, α¯1, α¯2} as a minimal basis, where α¯ = αγ2(R) and α¯i =
αiγ2(R), i = 1, 2 and the quotient group γ2(R)/γ3(R) = 〈βγ3(R)〉 is cyclic of order
p.
Proposition 5.12. Let G be an almost Camina group of order p2m, m ≥ 2 such
that |γ2(G)| = p
m. Let equality hold in (1.1). Then one of the following holds:
G is a group of order p4 and nilpotency class 3;(5.13a)
G is isoclinic to R.(5.13b)
Proof. Since |γ2(G)| = p
m and m ≥ 2, G must be non-abelian. Thus it follows
from Lemma 5.10 that the nilpotency class of G is at least 3 and G is not a Camina
group. First suppose that m = 2. Then obviously |G| = p4 and the nilpotency
class of G is 3.
Now suppose that m ≥ 3. Since G is almost Camina, but not Camina, there
exists some element z ∈ G−γ2(G) such that [z,G] ⊂ γ2(G). Then [y,G] = γ2(G) for
all y ∈ G−〈z〉γ2(G) by Lemma 4.1. From Lemma 5.10 we have that |[x,G]| ≥ p
m−1
for all x ∈ G− γ2(G). Thus we have |[z,G]| = p
m−1. It also follows from here that
Z(G) < γ2(G). Since equality holds in (1.1), given any minimal generating set for
G of the form {x1 = z, x2, . . . , xm}, any y1 ∈ [z,G], and any y2, . . . , ym ∈ γ2(G),
there exists some α ∈ Autc(G) such that
(5.14) α(xi) = xiyi for all i = 1, 2, . . . ,m.
Since the nilpotency class of G is ≥ 3, it follows from Proposition 4.3 that there
exists a subgroup H of index p in G such that γ2(H) = γ2(G) and γ2(G) 6≤ Z(H).
The following three cases arise:
Case 1. z ∈ H . Since γ2(G) = γ2(H), z ∈ H − γ2(G) can be extended to a
minimal generating set {z = x1, x2, . . . , xm} forG such that 〈x1, x2, . . . , xm−1〉 = H
and x = xm /∈ H . Since the groupG is almost Camina and [z,G] ⊂ γ2(G), it follows
that [x,G] = γ2(G). Pick any element y ∈ γ2(G) − Z(H). Now we apply (5.14)
with y1 = y2 = · · · = ym−1 = 1 and ym = y to get an automorphism α ∈ Autc(G)
such that
α(xi) = xi, 1 ≤ i ≤ m− 1 and α(x) = xy.
Then α centralizes H = 〈x1, · · · , xm−1〉, as well as G/H = 〈xH〉. But any au-
tomorphism of G centralizing both G/H and H must send the generator x of G
modulo H to xw, for some element w ∈ Z(H) [7, Satz I.17.1]. Since α(x) = xy and
y /∈ Z(H), we get a contradiction.
Case 2. z /∈ H and [z,G] 6⊆ Z(H). Since [z,G] 6⊆ Z(H), there exists a non-
trivial element y ∈ [z,G] − Z(H). We can also pick a minimal set of generators
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{x1, x2, . . . , xm} for G such that x1 = z and 〈x2, x3, . . . , xm〉 = H . Now we apply
(5.14) with y1 = y and y2 = y3 = · · · = ym = 1 and get an automorphism
α ∈ Autc(G) such that α(xi) = xi, 1 ≤ i ≤ m−1 and α(x1) = x1y. Then again, as
in Case 1, α centralizes H = 〈x2, · · · , xm〉, as well as G/H = 〈x1H〉 and therefore
α must send the generator x1 of G modulo H to x1w, for some element w ∈ Z(H).
Since α(x1) = x1y with y 6∈ Z(H), we get a contraction in this case too.
Case 3. z /∈ H and [z,G] ⊆ Z(H). We can choose a minimal generating set
{z = x1, x2, . . . , xm} for G such that H = 〈x2, . . . , xm〉. We know that [z,G] ⊆
Z(H) ∩ γ2(G) < γ2(G). Since |[z,G]| = p
m−1 and |γ2(G)| = p
m, this forces
[z,G] = Z(H) ∩ γ2(G) = Z(H) ∩ γ2(H). More precisely, [z,G] = Z(H). For
proving this, it is sufficient to prove that Z(H) ≤ γ2(H). Suppose the contrary,
i.e., Z(H) 6≤ γ2(H). Then there exists a non-trivial element u ∈ Z(H) − γ2(H).
Since [z,G] ⊂ γ2(G) and z 6∈ H , it follows that for this u ∈ H − γ2(H) we have
[u,G] = γ2(G). Therefore, since z
p ∈ H and u ∈ Z(H),
p3 ≤ pm = |γ2(G)| = |[u,G]| = |[u,H 〈z〉]| = |[u, 〈z〉]| ≤ p,
which is absurd. Hence Z(H) ≤ γ2(H).
If CG(z)γ2(G) 6= 〈z〉 γ2(G), then there exists an element y ∈ H − γ2(G) such
that yz = zy. Since [z,G] ⊂ γ2(G) and z 6∈ H , it follows from Lemma 4.1 that
[y,G] = γ2(G). Since y ∈ H , Z(H) ≤ CH(y) ≤ CG(y). Also y, z ∈ CG(y). So
Z(H) 〈y, z〉 ⊆ CG(y). Thus |CG(y)| ≥ |Z(H) 〈y, z〉 | ≥ p
m+1. This implies that
|γ2(G)| = |[y,G]| = |y
G| = |G|/|CG(y)| ≤ p
m−1,
which is a contradiction. So we can assume that CG(z)γ2(G) = 〈z〉γ2(G). Since
CG(z)γ2(G) = 〈z〉γ2(G) and |CG(z)| = p
m+1 = | 〈z〉γ2(G)|, it follows that CG(z) =
〈z〉γ2(G). Now G = CG(z)H , so that [z,H ] = [z,G] = Z(H). Set [z,H ] = Z(H) =
N . Since z centralizes γ2(G), it follows that the map η : hγ2(G) 7→ [z, h] is a well
defined epimorphism of H¯ = H/γ2(G) onto N = [z,H ]. But both H¯ and N have
order pm−1. Thus η is an isomorphism, and N is elementary abelian, with the
η(xi) = [z, xi], for i = 2, 3, . . . ,m, as a basis.
The factor group γ2(G)/N = γ2(H)/N has order p. If y ∈ H − γ2(G), then
γ2(G) = [y,G] = [y, 〈z〉H ] ≡ [y,H ] mod N . It follows that H/N is an extra-
special group of order pm. So m is odd and m ≥ 3. Since H/N = H/Z(H) has
class 2, it follows that γ3(H) ≤ Z(H). Hence the nilpotency class of H is 3 and
hence from Lemma 3.4, the class of G is 3.
Suppose thatm > 3. Then we may suppose that [x2, x3] generates γ2(H) modulo
N , and that [x2, xi] = [x3, xi] ∈ N for all i = 4, 5, . . . ,m. The identity
[[x2, x3], xi][[xi, x2], x3][[x3, xi], x2] = 1
holds for any such i, since the classH is 3. Here [xi, x2] and [x3, xi] lie inN = Z(H),
so that [[xi, x2], x3] = [[x3, xi], x2] = 1. Therefore [[x2, x3], xi] = 1. Since xi
certainly centralizes N , this implies that [γ2(H), xi] = 1 for i = 4, 5, . . . ,m. Since
m ≥ 5, we may assume (by re-indexing the generators, if necessary) that [x4, x5]
also generates γ2(H) modulo N . Since [xi, xj ] ∈ N for i = 2, 3 and j = 4, 5,
a similar argument shows that [γ2(H), x2] = [γ2(H), x3] = 1. Thus γ2(H) ≤
Z(〈x2, x3, . . . , xm〉) = Z(H), which is impossible because H has class 3. Therefore
m = 3.
Now |N | = pm−1 = p2, and |γ2(H)| = p|N | = p
3. It follows that |H | = p5
and therefore |G| = p6. The element [x2, x3] must generate γ2(H) modulo γ3(H).
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Since the class of H is 3, this forces the elementary abelian group γ3(H) ≤ N to
equal N , and to have [[x2, x3], x2] and [[x2, x3], x3] as a basis. Here we claim that
p is odd. Suppose that p = 2. If exponent of H/γ3(H) is 2, then H/γ3(H) must
be abelian. Therefore γ2(H) ≤ γ3(H), which is not possible, since the class of H
is 3. Thus there is some element u ∈ H − γ2(H) such that u
2 ∈ γ2(H) − γ3(H).
So γ2(H)/γ3(H) =
〈
u2γ3(H)
〉
. Since γ2(H) = Φ(H), u can be extended to a
minimal generating set {u, v} for H . Now from what we have had just above, [u, v]
must generate γ2(H) modulo γ3(H) and [[u, v], u] must be non-trivial. Therefore
[u, v] ≡ u2 modulo γ3(H)(= N = Z(H)). Thus [[u, v], u] = [u
2, u] = 1, which is
a contradiction. Hence our claim is true. It now follows from Lemma 3.4 that
γ3(G) = γ3(H). Since the class of G is 3 and Z(G) < γ2(G), we must have
γ3(G) = Z(G).
Thus if m > 2, then m = 3 and p > 2. Furthermore, |G| = p6, and G has a
minimal set of generators x1, x2, x3 satisfying following properties:
G = 〈x1, x2, x3〉.(5.15a)
H = 〈x2, x3〉 is a maximal subgroup of G such that γ2(G) = γ2(H).(5.15b)
|γ2(G)| = p
3 and |γ3(G)| = p
2.(5.15c)
[x1, x2] 6= 1 and [x1, x3] 6= 1 generate γ3(G).(5.15d)
β′ = [x2, x3] generates γ2(G) modulo γ3(G).(5.15e)
β′1 = [β
′, x2] and β
′
2 = [β
′, x3] generates γ3(G);(5.15f)
[z,G] = N = Z(H) = γ3(H) = γ3(G) = Z(G).(5.15g)
Set x1 = α, x2 = α1, x3 = α2, β
′ = β, β′1 = β1 and β
′
2 = β2. Now it follows from
[8] that there are only three isoclinism families φ19, φ20 and φ21 such that any group
G1 from these families satisfy the conditions (5.15a), (5.15b) and (5.15c). But φ21
is the only isoclinism family such that the groups G1 from it satisfy conditions
(5.15a)–(5.15d). Thus our groups G, if they exist, must lie in φ21. Hence G is
isoclinic to R. 
A finite group G is said to be purely non-abelian if it does not have a non-
trivial abelian direct factor. An automorphism φ of a group G is called central if
g−1φ(g) ∈ Z(G) for all g ∈ G. The set of all central automorphisms of G, denoted
by Autcent(G), is a normal subgroup of Aut(G).
Proposition 5.16. Let G be any group of order p6 which is isoclinic to R. Then
G is an almost Camina group and equality holds in (1.1) for G.
Proof. Since |G| = p6 and G is isoclinic to R, G belongs to the isoclinism family
φ21 of [8]. Now it is easy to check that G satisfies all the conditions (5.15a)–(5.15g)
with the setting x1 = α, x2 = α1, x3 = α2, β
′ = β, β′1 = β1 and β
′
2 = β2. Also
notice that the groups γ3(G) and G/γ2(G) are elementary abelian of order p
2 and
p3 respectively. It follows from [8] that there is no g ∈ G such that |gG| = p. Thus
for any g ∈ G− Z(G), |gG| ≥ p2.
Let g ∈ 〈α〉 γ2(G) − γ2(G). Then g = α
iu, where u ∈ γ2(G) and 1 ≤ i ≤ p− 1.
Let g′ be an arbitrary element of [g,G] = [αiu,G]. Then g′ = [αiu, v] for some
v ∈ G. Therefore
g′ = [αiu, v] = [αi, v]u[u, v] = [α, v]i[u, v] ∈ Z(G),
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since [α, v] ∈ [α,G], [u, v] ∈ γ3(G) and from (5.15g) we know that [α,G] = Z(G) =
γ3(G) (with above setting). Thus [g,G] ⊆ Z(G). Since g ∈ G− γ2(G) ⊂ G− Z(G),
|[g,G]| ≥ p2. Hence [g,G] = Z(G), since |Z(G)| = p2. Thus for any g ∈ 〈α〉 γ2(G)−
Z(G), we have that |gG| = p2. Since | 〈α〉 γ2(G) − Z(G)| = p
4 − p2 = p2(p2 − 1),
it follows that G has at least p2 − 1 conjugacy classes of length p2. But from [8,
φ21] it follows that G has p
2 conjugacy classes of length 1, p2 − 1 classes of length
p2 and p3 − p classes of length p3. Since |Z(G)| = p2, therefore |gG| = p3 for all
g ∈ G− 〈α〉 γ2(G). Hence it follows that G is an almost Camina group.
Since Z(G) ⊆ γ2(G), G is purely non-abelian. Then it follows from [1, Theorem
1] that |Autcent(G)| = |Hom(G/γ2(G),Z(G))|. Since both G/γ2(G) and Z(G)
are elementary, we have from Lemma 5.6 that |Autcent(G)| = p6. We claim that
Autcent(G) ⊆ Autc(G). Let φ ∈ Autcent(G). Then φ(g) = g for all g ∈ γ2(G).
So let g ∈ G − γ2(G). Since [g,G] = Z(G) for all g ∈ 〈α〉 γ2(G) − γ2(G) and
[g,G] = γ2(G) for all g ∈ G − 〈α〉 γ2(G), we have that Z(G) ≤ [g,G] for all
g ∈ G − γ2(G). Since φ ∈ Autcent(G), g
−1φ(g) ∈ Z(G) ≤ [g,G]. Thus φ(g) ∈ gG
for all g ∈ G. This proves that φ ∈ Autc(G) and our claim follows.
Let i2 and i3 be the inner automorphisms of G induced by x2 and x3 respectively.
Since x−12 i3(x2) = [x2, x3] and x
−1
3 i2(x3) = [x3, x2] lie outside Z(G), it follows that
ij is not central for j = 2, 3. If i
k
2 = i3, 1 ≤ k < p, then i
k
2(x2) = i3(x2). This
implies that x2 = x
−1
3 x2x3. So [x2, x3] = 1, which is not true. Therefore i
k
2 and i3
are distinct, 1 ≤ k < p. Similarly ik3 and i2 are distinct, 1 ≤ k < p. Let I = 〈i2, i3〉.
Then I ≤ Inn(G) such that | I | ≥ p2. Now let i = ik22 i
k3
3 ∈ I, where 0 ≤ k2 < p
and 1 ≤ k3 < p. If i ∈ Autcent(G), then x
−1
2 i(x2) ∈ Z(G). So [x2, x
k3
3 x
k2
2 ] ∈
Z(G). This implies that [x2, x
k3
3 ]
x
k2
2 ∈ Z(G). Which gives that [x2, x
k3
3 ] ∈ Z(G)
(= γ3(G)) and therefore [x2, x3] ∈ Z(G), since 1 ≤ k3 < p. But this is not true.
Thus i is not central. This proves that | I Autcent(G)/Autcent(G)| ≥ p2. Thus
|Autc(G)| ≥ |Autcent(G) I | ≥ p
8. But from (5.1), it follows that |Autc(G)| ≤ p
8.
Hence |Autc(G)| = p
8 and equality hold in (1.1). 
Lemma 5.17. The group W is a Camina special p-group of order p6.
Proof. Notice that W is a special p-group such that |W | = p6 and |Z(W )| = p2.
From [3] we have
|Autc(W )| = p
8 = pm(n−m),
for m = 2 and n = 6. Thus equality holds in (5.2) and W is a Camina group by
Theorem 5.3. 
Let Cl(G) be the set of all conjugacy classes of G. Let
cl(G) = {cl(x) | x ∈ G} = {1, pn1 , · · · , pnr},
where cl(x) = |xG| and 0 < n1 < · · · < nr. In this situation G is called a group of
(conjugate) type {1, pn1 , · · · , pnr}.
Lemma 5.18. Let G be any special p-group isoclinic to W . Then G is a Camina
special p-group such that |G| = p6 and |γ2(G)| = p
2.
Proof. Since G is special, γ2(G) = Z(G) = Φ(G). And since G is isoclinic to
W , γ2(G) ∼= γ2(W ) and G/Z(G) ∼= W/Z(W ). It follows from [6] that G and W
have the same conjugate type. Thus G is of conjugate type {1, |γ2(G)|}. This
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implies that G is a Camina group. Now |γ2(G)| = |γ2(W )| = p
2 and |G/γ2(G)| =
|W/γ2(W )| = p
4, since both G and W are special p-groups. Hence
|G| = |G/γ2(G)||γ2(G)| = p
6.

Lemma 5.19. Up to isoclinism there is only one Camina special p-group H of
order p6 such that |Z(H)| = p2.
Proof. Let H be any Camina special p-group such that |H | = p6 and |Z(H)| = p2.
Since isoclinism is an equivalence relation and the group W is a Camina special
p-group (Lemma 5.17), it is sufficient to prove that H is isoclinic to W . Since
H is a Camina special group, |Z(H)| = |γ2(H)| = |φ(H)| = p
2. Also |Z(W )| =
|γ2(W )| = |φ(W )| = p
2. |W/Z(W )| = |H/Z(H)| = p4 and both of these factor
groups are elementary. Since there is only one elementary group of given order
upto isomorphism, it follows that γ2(W ) ∼= γ2(H) and W/Z(W ) ∼= H/Z(H).
Set H¯ = H/Z(H), and consider the bilinear map a = aH : H¯ × H¯ → [H,H ] =
Z(H) induced by commutation. The Camina condition is that a(h¯, H¯) = Z(H) for
any h¯ ∈ H¯# = H¯ − {1}. Because H¯ and Z(H) are elementary abelian p-groups
with ranks 4 and 2, respectively, it follows that
h¯⊥ = { h¯′ ∈ H¯ | a(h¯, h¯′) = 1 }
is elementary abelian of rank 2, for any h¯ ∈ H¯#. We claim that a(h¯⊥, h¯⊥) = 1,
so that h¯⊥ = (h¯′)⊥, for any non-trivial h¯′ ∈ h¯⊥. For, h¯⊥ has rank 2, it has a
basis of the form h¯, h¯′′, where h¯′′ ∈ h¯⊥ −
〈
h¯
〉
. Then a(h¯, h¯′′) = 1 = a(h¯′′, h¯),
since h¯′′ ∈ h¯⊥. Also a(h¯, h¯) = 1 = a(h¯′′, h¯′′). Since h¯ and h¯′′ generate h¯⊥, this
and the bilinearity of a imply that a(h¯⊥, h¯⊥) = 1. It follows that h¯⊥ ⊆ (h¯′)⊥ for
any non-trivial h¯′ ∈ h¯⊥. Since both h¯⊥ and (h¯′)⊥ have order p2, this implies the
equality (h¯′)⊥ = h¯⊥. Thus we have an equivalence relation on H¯#, whereby two
elements h¯, h¯′ ∈ H¯# are equivalent if and only if a(h¯, h¯′) = 1. The equivalence
class of h¯ ∈ H¯# is just the set (h¯⊥)# of non-trivial elements in h¯⊥.
Take any y1 ∈ H − Z(H), with image y¯1 ∈ H¯
#. Then take any y2 ∈ H
whose image y¯2 ∈ H¯ completes a basis y¯1, y¯2 for y¯
⊥
1 . For y3 we take any element
in H whose image y¯3 lies in H¯ − y¯
⊥
1 . For y4 we take any element of H whose
image y¯4 completes a basis y¯3, y¯4 for y¯
⊥
3 . The intersection y¯
⊥
1 ∩ y¯
⊥
3 is trivial,
since y¯3 /∈ y¯
⊥
1 . By counting ranks, we see that H¯ must be the direct product
y¯⊥1 × y¯
⊥
3 = 〈y¯1, y¯2〉 × 〈y¯3, y¯4〉. Thus it follows that H = 〈y1, . . . , y4〉 such that
[y1, y2] = 1 and [y3, y4] = 1. Now
γ2(H) =
〈
[yi, yj]
H |1 ≤ i < j ≤ 4
〉
= 〈[yi, yj]|1 ≤ i < j ≤ 4〉 ,
since γ2(H) = Z(H). We know that |CH(yi)| = |H |/|y
H
i | = p
4. Thus for any yi
there is exactly one yj , i 6= j such that [yi, yj ] = 1. Which implies that all the
elements [y1, y3], [y1, y4], [y2, y3] and [y2, y4] are non-trivial.
Since W¯ and H¯ are elementary, we can define an isomorphism φ : W¯ → H¯
such that φ(x¯i) = y¯i, 1 ≤ i ≤ 4. Now define a map θ : [W,W ] → [H,H ] such
that θ([xi, xj ]) = [yi, yj], 1 ≤ i < j ≤ 4. To prove that θ is an isomorphism, it is
sufficient to show that θ is well defined. To prove that θ is well defined we must
show that the elements [xi, xj ] and the elements [yi, yj] satisfy the same relations
for all i, j such that 1 ≤ i < j ≤ 4. The rest of the proof is devoted to this.
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Write both H¯ = H/[H,H ] and [H,H ] additively, obtaining vector spaces U =
H¯+ and V = [H,H ]+ of dimensions 4 and 2, respectively, over the field Zp of p
elements. Then commutation in H induces a strongly alternating, Zp-bilinear map
a of U×U into V . The vector space U is the direct sum U ′∔U ′′ of two-dimensional
subspaces U ′ = 〈y¯1, y¯2〉
+
and U ′′ = 〈y¯3, y¯4〉
+
, which satisfy
(5.20) a(U ′, U ′) = a(U ′′, U ′′) = 0.
Furthermore, a(u′, u′′) 6= 0 for all non-zero u′ ∈ U ′ and u′′ ∈ U ′′. Since both U ′′
and V have dimension 2, this implies that the map
Tu′ : u
′′ 7→ Tu′(u
′′) = a(u′, u′′)
is an isomorphism of the vector space U ′′ onto V , for any u′ 6= 0 in U ′. It follows
that any ordered basis u′1, u
′
2 for U
′ determines an automorphism
S = Su′1,u′2 = T
−1
u′1
Tu′2
of the vector space U ′′.
We claim that S has no eigenvalue n ∈ Zp. Suppose that such an n exists. Then
there is some non-zero eigenvector u′′ ∈ U ′′ such that S(u′′) = nu′′. This implies
that
a(u′2, u
′′) = Tu′2(u
′′) = Tu′1S(u
′′) = Tu′1(nu
′′) = a(u′1, nu
′′) = a(nu′1, u
′′) ∈ V.
So −nu′1+u
′
2 ∈ U
′ and u′′ ∈ U ′′ are non-zero elements such that a(−nu′1+u
′
2, u
′′) =
0. This is impossible by hypothesis. Therefore our claim is correct.
Now S is a linear transformation of a vector space U ′′ of dimension 2 over Zp.
Furthermore, S has no eigenvalue in Zp. It follows that the Zp-algebra Zp[S] of
linear transformations of U ′′ generated by S is isomorphic to the field Fp2 of p
2
elements. Fix an isomorphism i of Fp2 onto Zp[S], and a generator f for Fp2 over
Zp. Then 1 and f form a Zp-basis for Fp2 , so that i(1) = I and i(f) form a Zp-basis
for Zp[S]. Since I and S also form a Zp-basis for Zp[S], there are some elements
k,m ∈ Zp such that i(f) = kI +mS and m 6= 0.
Evidently u′1 and u
′
3 = ku
′
1 +mu
′
2 also form an ordered basis for U
′ over Zp.
The Zp-bilinearity of a implies that
Tu′3(u
′′) = a(u′3, u
′′) = ka(u′1, u
′′) +ma(u′2, u
′′) = (kTu′1 +mTu′2)(u
′′) ∈ V
for any u′′ ∈ U ′′. Therefore Tu′3 = kTu′1 +mTu′2 , and
Su′1,u′3 = T
−1
u′1
Tu′3 = T
−1
u′1
(kTu′1 +mTu′2) = kI +mS = i(f).
Thus we can replace our original ordered basis u′1, u
′
2 for U
′ by u′1, u
′
3, and assume
from now on that
S = i(f).
Let X2 + bX + c ∈ Zp[X ] be the minimal polynomial of f over Zp. Then
X2 + bX + c is both the minimal and the characteristic polynomial of S over Zp.
In particular, S2 = −cI − bS. Let u′′1 be any non-zero element of U
′′, and u′′2 be
S(u′1). Then u
′′
1 and u
′′
2 form a Zp-basis for U
′′. Set
(5.21) v1 = a(u
′
1, u
′′
1) = Tu′1(u
′′
1) and v2 = a(u
′
1, u
′′
2) = Tu′1(u
′′
2).
Then v1 and v2 form a Zp-basis for V . Furthermore,
(5.22) a(u′2, u
′′
1) = Tu′2(u
′′
1 ) = Tu′1T
−1
u′1
Tu′2(u
′′
1 ) = Tu′1S(u
′′
1) = Tu′1(u
′′
2) = v2
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and
a(u′2, u
′′
2) = Tu′2(u
′′
2) = Tu′1T
−1
u′1
Tu′2S(u
′′
1) = Tu′1S
2(u′′1)(5.23)
= Tu′1(−cI − bS)(u
′′
1) = −cv1 − bv2.
Now we have constructed a Zp-basis u
′
1, u
′
2, u
′′
1 , u
′′
2 for the vector space U = H¯
+, and
a Zp-basis v1, v2 for V = [H,H ]
+, such that the values of the strongly alternating
Zp-bilinear function a : U × U → V are completely determined by the equations
(5.20) – (5.23). Since these equations do not depend on the group H , it follows
that the elements [xi, xj ] and the elements [yi, yj] satisfy the same relations for all
i, j such that 1 ≤ i < j ≤ 4. Hence θ is well defined and therefore an isomorphism
of [W,W ] onto [H,H ]. Thus it follows that (φ, θ) is an isoclinism of W onto H .
This completes the proof of the lemma. 
Now we prove our main theorem ‘Theorem B’.
Theorem 5.24. Let G be a non-abelian finite p-group of order pn. Then equality
holds in (1.1) if and only if one of the following holds:
G is an extra-special p-group of order p3;(5.25a)
G is a group of nilpotency class 3 and order p4;(5.25b)
G is a Camina special p-group isoclinic to the group W and |G| = p6;(5.25c)
G is isoclinic to R and |G| = p6.(5.25d)
Proof. Let G be an extra-special group of order p3. Then
|Autc(G)| = | Inn(G)| = p
2 = p
32−1
4 .
Hence equality holds in (1.1). Now suppose that G is a group of order p4 and of
class 3. Then |Z(G)| = p. Notice that Autc(G) = Inn(G). Thus
|Autc(G)| = | Inn(G)| = |G|/|Z(G)| = p
3 = p
n2−4
4 ,
where n = 4. Hence equality holds in (1.1). Next assume that G is a Camina
special p-group isoclinic to the group W . Then it follows from Lemma 5.17 and
Lemma 5.18 that |G| = p6 and |γ2(G)| = p
2. By Theorem 5.7 we have
|Autc(G)| = p
2(6−2) = p8 = p
n2−4
4 ,
where n = 6. So equality holds in (1.1). Finally suppose that G is isoclinic to R.
Then it follows from Proposition 5.16 that equality holds in (1.1) for this group G.
Conversely suppose that equality holds in (1.1). When n is odd, equality in (1.1)
implies that equality holds in (5.2). But when n is even equality in (1.1) may or
may not imply equality in (5.2). We consider two separate cases: (i) equality holds
in (5.2); (ii) equality does not hold in (5.2).
First we consider the case (i). Since equality holds in (5.2), it follows from
Theorem 5.3 that G is a Camina special p-group. Using Theorem 3.2 of [9] we have
that n−m is even and n −m ≥ 2m, where |G| = pn and |γ2(G)| = p
m. Thus we
get inequality (5.9).
CLASS PRESERVING AUTOMORPHISMS OF FINITE p-GROUPS 19
Equality in (1.1) gives us
(5.26) |Autc(G)| =
{
p
n2−4
4 , if n is even;
p
n2−1
4 , if n is odd.
First suppose that n is even. Then (5.26) holds only when m = (n − 2)/2 or
m = (n + 2)/2. The value m = (n + 2)/2 clearly contradicts (5.9). Thus only
possibility is m = (n − 2)/2. Which, along with (5.9), gives n ≤ 6. Since G is
non-abelian, the only possibilities are n = 4, 6. When n = 4, there exists no m
such that n−m is even and (5.9) is satisfied. Therefore we are left only with n = 6.
Assume that |G| = p6. Then |Z(G)| = |γ2(G)| = p
2. Now it follows from Lemma
5.19 that G is isoclinic to the group W .
Next suppose that n is odd. Then (5.26) holds only when m = (n − 1)/2 or
m = (n+1)/2. The choicem = (n+1)/2 again contradicts (5.9). So only possibility
is m = (n− 1)/2. Which, using (5.9), gives n ≤ 3. Since G is non-abelian, n must
be 3. Since every non-abelian group of order p3 is extra-special, we are done in this
case.
Now we consider the case (ii). Since equality in (1.1) implies equality in (5.2)
when n is odd, we have that n must be even and |γ2(G)| = p
n
2 . So |G| = p2m and
|γ2(G)| = p
m, where m = n/2 ≥ 2. Now it follows from Lemma 5.10 that G is
an almost Camina group. It then follows from Proposition 5.12 that either G is a
group of nilpotency class 3 and order p4 or G is isoclinic to R. This completes the
proof of the theorem. 
References
[1] J. E. Adney and T. Yen, Automorphisms of a p-Group, Illinois J. Math. 9 (1965), 137-143.
[2] W. Burnside, Theory of Groups of Finite Order, 2nd Ed. Dover Publications, Inc., 1955.
[3] W. Burnside, On the Outer Automorphisms of a Group, Proc. London Math. Soc. (2) 11
(1913), 40-42.
[4] A. R. Camina, Some Conditions Which Almost Characterize Frobenius Groups, Israel Jour-
nal of Mathematics 31 (1978), 153-160.
[5] R. Dark and C. M. Scoppola, On Camina Groups of Prime Power Order, Journal of Algebra
181 (1996), 787-802.
[6] P. Hall, The Classification of Prime Power Groups, Journal fu¨r die reine und angewandte
Mathematik 182 (1940), 130-141.
[7] B. Huppert, Endliche Gruppen I, Springer Verlag, Berlin-Heidelberg-New York, 1967.
[8] R. James, The Groups of Order p6 (p an odd prime), Math. Comp. 34 (1980), 613-637.
[9] I. D. Macdonald, Some p-groups of Frobenius and Extra-special Type, Israel Journal of Math-
ematics 40 (1981), 350-364.
[10] I. D. Macdonald, More on p-groups of Frobenius Type, Israel Journal of Mathematics 56
(1986), 335-344.
[11] A. Mann and C. M. Scoppola, On p-groups of Frobenius type, Archiv der Mathematik (Basel)
56 (1991), 320-332.
[12] J. J. Rotman, An introduction to the Theory of Groups, 4th Edition. Springer-Verlag, New
York, 1995.
School of Mathematics, Harish-Chandra Research Institute, Chhatnag Road, Jhunsi,
Allahabad - 211 019, INDIA
E-mail address: myadav@mri.ernet.in
